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The heat generation by electric current flowing through a quantum dot with the dot containing both electron-
electron interaction and electron-phonon interaction is studied. Using the nonequilibrium Keldysh Green’s-
function method, the current-induced heat generation is obtained. We find that for a small phonon frequency,
heat generation is proportional to the current. However, for a large phonon frequency, heat generation is in
general qualitatively different from the current. It is nonmonotonic with current, and many unique and inter-
esting behaviors emerge. The heat generation could be very large in the Coulomb blockade region in which the
current is very small due to the Coulomb blockade effect. On the other hand, in the resonant tunneling region,
the heat generation is very small despite a large current, an ideal condition for device operation. In the curve
of heat generation versus the bias, a negative differential of the heat generation is exhibited, although the
current is always monotonously increasing with the bias voltage.

DOI: 10.1103/PhysRevB.79.161309 PACS number�s�: 73.23.�b, 65.80.�n, 44.10.�i, 71.38.�k

With the continued miniaturization of integrated circuits,
quantum phenomena and new technological problems are
emerging quickly. An essential technological roadblock of
this miniaturization is the “power problem.” With millions of
transistors assembled on a chip area no larger than a few
square centimeters, the chip-level power densities may reach
on the order of 100 W /cm2. The large amount of accumu-
lated heat caused by the current makes the chip’s temperature
rise to a level so high that the chip may not function prop-
erly. There are two ways to reduce the chip’s temperature:
one is to remove the heat as quickly as possible, while the
other is to suppress the heat generation. It is unfortunate that
the novel and complex device geometries normally make
heat removal more difficult and most of the new materials
appearing in device processing have lower thermal conduc-
tivities than bulk silicon.1 Thus, it is essential to uncover the
laws of heat generation induced by an electric current in
nanoscale devices and to investigate how the heat generation
may be reduced.

The idea that electric current does work on conductors
and causes heating has been known since the mid-nineteenth
century. It has been well studied in macroscopic systems and
is known as the effect of Joule heating; however, many open
questions remain concerning heating in nanoscale systems.
For a net resistive nanoscale system, the total heat dissipa-
tion is still equal to the input power IV, with I being the
current and V the bias voltage. In standard transport theory,
such as the Landauer-Buttiker formula or the nonequilibrium
Keldysh Green’s-function �NEKGF� method, it is normally
assumed that the electron is elastically scattered in the cen-
tral region �called the scattering region� and that all heat
dissipation occurs in the reservoirs.2 This assumption does
not provide a full answer to the dissipation problem. One can
see this from the following two aspects: �1� if the central
region contains the phonon degrees of freedom and the
electron-phonon �e-p� interaction, the inelastic scattering
processes and heat dissipation can occur in the central re-
gion. In this case, the simple assumption of all dissipation

occurring in the reservoirs is invalid. In fact, in some recent
experiments, it is found that the e-p interaction is indeed
strong in some nanoscale molecular devices, such as C60 and
nanotube.3–5 In these devices, the phonon-assisted tunneling
substeps or subpeaks have been observed in the I-V curves or
in the differential conductance versus the gate voltage.3–7 �2�
Furthermore, if one wishes to investigate where and how the
heat dissipation occurs while a current passes a nanodevice
even assuming the device contains no e-p interaction, the e-p
interactions in the leads that are near the nanodevice must
also be considered. Then this part �i.e., the dissipation re-
gion� cannot be considered as a part of the reservoirs since
the reservoirs are assumed to be without any interactions in
the standard transport theory.

Recently, some attention has been paid to the problem of
current-induced heat generation in nanoscale devices, with a
few preliminary results.8–13 Huang et al.9 experimentally ob-
served the current-induced local heating effects in single
molecules by measuring the force required to break the
molecule-electrode bonds. Very recently, Oron-Carl and
Krupke10 successfully determined the hot phonon generation
from a current bias by using the ratio of anti-Stokes to Stokes
lines. Theoretically, Lazzeri et al.11 studied the heat genera-
tion in nanotube via the first-principles calculations. All pre-
vious results demonstrate that the heat generation in nano-
scale devices is important. In a recent work, we studied the
heat generation when an electric current passes through me-
soscopic devices.14 By using the NEKGF method, a general
formula for the current-induced heat generation was derived.
This formula can be applied to both the linear and nonlinear
transport regions, as well the mesoscopic device with various
interactions.

In this Rapid Communication, we study the current-
induced heat generation while an electric current flows
through a quantum dot �QD� that is in the Coulomb blockade
regime, focusing on the heat transfer to the phonon part since
the phonon creation is the main source of the heat generation
in QD. Considering that the device consists of a QD coupled
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to two leads and the QD contains the electron-electron �e-e�
Coulomb interaction and e-p interaction, by using the
NEKGF method and the general formula of heat generation,
both the heat generation and the current are obtained. The
numerical results exhibit that the heat generation in the Cou-
lomb blockade regime has many interesting and unique be-
haviors. For example, �1� in the resonant tunneling region
with the intradot level within the bias window, the current is
very large but the current-induced heat generation is very
small. This is an ideal region for the operation of the nan-
odevice with a large current and low heat generation. On the
other hand, in the Coulomb blockade region, the current is
very small but the heat generation is very large. In particular,
when the e-e interaction strength is equal to the phonon fre-
quency, a resonant phonon-emitting process occurs and a
large amount of current-induced heat generation emerges,
even though the current is quite small due to the Coulomb
blockade effect. �2� In some parameter regions, when the
bias rises, the current increases but the heat generation de-
creases. In other words, the negative differential of the heat
generation emerges.

The system of the lead-QD-lead can be described by the
following Hamiltonian:

H = �
�,k,�

��kĉ�k�
† ĉ�k� + �

�,k,�
t�k�d̂�

† ĉ�k� + H.c.� + �qâq
†âq

+ �
�

��d + �q�âq
† + âq��n̂� + Un̂↑n̂↓, �1�

where n̂�= d̂�
† d̂� and �=L and R represent the left and right

leads. ĉ�k�
† and d̂�

† create an electron with spin � in the � lead
and QD, respectively. Analogously, âq

† is the phonon creation
operator and �q is the phonon frequency. The QD has a
single energy level �d with the spin �= ↑ ,↓. The intradot e-e
Coulomb interaction and e-p interaction are considered, with
the interaction strength U and �q. The second term in Eq. �1�
describes the tunneling coupling between the QD and the
two leads, and t�k is the hopping matrix element.

Before solving the heat generation in the QD we first

make a canonical transform with the unitary operator15 Û
=exp�−����q /�q��âq

†− âq�n̂��. After this transformation, the
Hamiltonian becomes

H̃ = �
�

�̃dd̂�
† d̂� + Ũn̂↑n̂↓ + �

�k,�
��kĉ�k�

† ĉ�k�

+ �
�,�,k

�t�kĉk�
† d̂�X̂ + H.c.� + �qâq

†âq, �2�

where �̃d=�d−�q
2 /�q, Ũ=U−2�q

2 /�q, and

X̂=exp�−��q /�q��âq
†− âq��. We make an approximation

to replace the operator X̂ by its mean value

�X̂	=exp�−��q /�q�2�Nq+1 /2��,15 where Nq
=1 / �exp��q /kBT�−1� refers to the phonon number. This ap-
proximation was used in previous studies,6,15 and it is known
to be valid when t�k��q. After taking this approximation the
phonon is decoupled with the electron. Then the formula of
the current-induced heat generation Q per unit time is14

Q = Re�
�

�q�q
2
 d�

2	
�G̃��


 ���G̃��
� ��̄�

− 2Nq�G̃��
� ���G̃��

a ��̄� + G̃��
r ���G̃��

� ��̄��� , �3�

where �̄=�−�q, and G̃��
r,a,
,���� are the Fourier transforms

of G̃��
r,a,
,��t�, which are the standard QD’s single-electron

Green’s functions of Hamiltonian �2� and are defined as

G̃��
r �t�=−i��t���d�t� ,d†�0��	, G̃��

a �t�= i��−t���d�t� ,d†�0��	,
G̃��


 �t�= i�d†�0�d�t�	, and G̃��
� �t�=−i�d�t�d†�0�	. Here heat

generation Q is the dissipation in the QD region in which the
energy is transferred to the local phonons. Since the present
device is a net resistive system, the total dissipation is equal
to the input power IV and the remaining dissipation Qres
occurs in the reservoirs.16 Moreover the heat generation ac-
tually is the rate of heat generation. Hereafter we do not
distinguish them because they have completely the same
characteristics. Because the e-p interaction has been decou-

pled in Hamiltonian �2�, the Green’s function G̃��
r can be

obtained by the equation-of-motion technique as follows2,17:

G̃��
r ��� =

��� − Ũ�1 − �n�̄	��

����� − Ũ� − ĩ��� − Ũ�1 − �n�̄	��
, �4�

where ����− �̃d, �n�̄	 is the electron occupation
number in the intradot state �̄, �̄=↓ while �=↑ and �̄=↑
while �=↓, ̃= �̃L+ ̃R� /2, ̃�=��X	2, and �

=�k2	�t�k�2���−��k� is the linewidth functions which as-
sume to be independent of the energy �.2,17 After solving

G̃��
r ���, G̃��

a ���= �G̃��
r �����, G̃��


 ���= G̃r����̃
���G̃a���,
and G̃��

� ���= G̃��

 + G̃��

r − G̃��
a , where �̃
���

= i�̃LfL���+ ̃RfR���� and f����=1 / �exp���−��� /kBT�+1�
is the Fermi distribution function in the � lead. Substituting
these Green’s functions into Eq. �3�, the heat generation Q
can be obtained straightforwardly. Finally, the electron occu-
pation numbers �n�	 in Eq. �4� need to be self-consistently

calculated with the equation �n�	= i�d� /2	�G̃��

 ���. In ad-

dition, by using the same method as in Ref. 6 the current can
also be calculated.

In the numerical investigation, we consider the symmetric

barriers18 with ̃L= ̃R= ̃, and set ̃=1 as the unit of energy
and �R=0 as the energy zero point, then the bias
eV=�L−�R=�L. Figure 1�a� shows the heat generation Q
and current I as functions of the bias V for the different
temperature T at the QD level �̃d=0. We can see that at first
the heat generation Q is almost zero while the bias V
�q
since the bias cannot offer enough energy to emit in this
range. With the bias passing �q, both Q and I rapidly in-
crease and reach their respective plateaus. Q and I remain at

plateaus until the bias reaches Ũ and then they rapidly in-
crease and reach new plateaus. The reason behind the two
steps is that the QD level is split into two sublevels at �̃d and

�̃d+ Ũ with the existence of the e-e interaction Ũ. The tem-
perature has little effect on the heat generation. Raising tem-
perature makes the curves of both Q-V and I-V more smooth,
but the qualitative behaviors remain. Here we emphasize that
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the heat generation Q is not directly proportional to the cur-
rent I, and they obviously have the following two differ-
ences: �i� many small substeps emerge in the current curves
because of the phonon-assisted tunneling processes, but no
phonon-assisted substeps in the heat generation curves. �ii�
The rapid jumps in the current curve happen at about V= �̃d

and �̃d+ Ũ, but the rapid jumps in the heat generation curve

happen at about V= �̃d+�q and �̃d+ Ũ+�q, with a delay of �q
�see Fig. 1�a��.

In Fig. 1�a�, the level �̃d is fixed at zero. Next, we study
the case of �̃d�0. Figure 1�b� describes the heat generation
Q with the same parameters as in Fig. 1�a� except �̃d=1. The
results clearly exhibit that a negative differential heat genera-

tion dQ /dV emerges when V is between Ũ+ �̃d−�q and

Ũ+ �̃d. In this region, with increasing V, I increases but Q
decreases. The reason is that the electron can absorb as well
as emit a phonon while it tunnels through the QD. When the

bias V is between Ũ+ �̃d−�q and Ũ+ �̃d, the tunneling pro-
cess as shown in the inset of Fig. 1�b� occurs in which the
electron absorbs a phonon while it passes through the QD.
Thus, a negative differential heat generation emerges.

Figure 2 investigates the dependence of the heat genera-
tion Q on the phonon frequency �q. When �q approaches to
zero, so does the heat generation Q. With �q increasing from

zero, Q quickly increases. The curve of Q-�q exhibits two

peaks. One peak is roughly at �q= ̃, which is very close to

zero. The other peak is at �q= Ũ. The first peak is caused by
competition of two effects when raising �q: �1� the electron
losses more energy when it emits a phonon; at the same time
�2� it becomes more and more difficult to emit a phonon. The
second peak is largely associated with the e-e interaction

strength Ũ. Its location is fixed at �q= Ũ, and its height

strongly depends on Ũ. The smaller Ũ is, the higher the peak
is. In fact, this peak origins from a resonant phonon-emitting
process as shown in the right inset of Fig. 3�b�, which will be
discussed later in more detail.

Figure 3 shows Q and I versus the QD’s level �̃d

for different values of the e-e interaction Ũ. I has two

main resonant peaks at �̃d= �̄ and �̃d+ Ũ= �̄, with
�̄���L+�R� /2. In addition, some phonon-assisted subpeaks
also emerge at the two side of the main peaks, and the dis-
tance to its main peak is �n�q �n=1,2 ,3 , . . .�. These well-
known results on current have been experimentally
observed.3–5 Following, we focus on the heat generation Q.
The curves of Q versus the level �̃d have three peaks, which
are marked “A,” “B,” and “C.” Peak “A” �“B”� stands at the
valley between the right �left� main peak and its right-side
�left-side� subpeak of the current. Peak “C” places at

�̃d+ Ũ /2= �̄, i.e., at the valley �the Coulomb blockade re-
gion� between the two main peaks of the current. Here we
emphasize that none of the peaks of Q aligns with that of I.
In fact all peaks of Q appear at the valleys of I. This means
that the heat generation is small for large current and vice
versa. Here we also emphasize another important feature:

FIG. 1. �Color online� The heat generation Q��q
2� and current I

vs the bias V for the different temperature T with the level �a� �̃d

=0 and �b� 1, and the other parameter is �q=3, Ũ=20, and �q

=0.6�q. The inset in �b� is schematic diagram for the tunneling
process in which a phonon is absorbed.

FIG. 2. �Color online� The of heat generation Q��q
2� vs the pho-

non frequency �q for different e-e interaction strength Ũ with the
parameters: V=4, T=1, �q=0.6�q, and �̃d=0

*]A �!
`
�

FIG. 3. �Color online� Q��q
2� and I vs the level �̃d for the differ-

ent Ũ with the parameters �q=8, V=4, T=1, and �q=0.6�q. The
insets in �b� are the schematic plots for two phonon-emitting
processes.
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with the e-e interaction Ũ approaching to the phonon fre-
quency �q, peak “C” is greatly enhanced. At Ũ=�q, peak
“C” is very large. For example, peak “C” in Fig. 3�b� with
Ũ=�q=8 is hundredfold higher than peak “C” in Fig. 3�a�
with Ũ=10. Due to the largeness of peak “C,” peaks “A” and
“B” are not visible in Fig. 3�b�, although they are there. As
far as for the current, there is no such high peak at all.

Let us explain why the heat generation Q is large at the
valleys of the current. This is because the phonon-emitting
processes are stronger in the current valley region. For ex-
ample, to consider the phonon-emitting tunneling process in
the left inset of Fig. 3�b� in which an electron from the left
lead tunnels into the QD at the level �̃d, emits a phonon and
jumps to the sublevel �̃d−�q due to the e-p interaction, and
then tunnels to the right lead. The strength of this process is
direct ratio of the occupation probability fL��̃d� of the
left lead at the energy �= �̃d and the empty probability
1− fR��̃d−�q� of the right lead at the energy �= �̃d−�q. So
this process is maximum at �̃d−�q /2= �̄ and leads to peak
“A” in the curve of Q-�̃d. The origin of peak “B” is same as
for peak “A.” Peak “C” originates from the tunneling process
as shown in the right inset of Fig. 3�b�, which is similar to
that in the left inset of Fig. 3�b�. But the two levels �̃d and

�̃d+ Ũ are real electronic levels now. Therefore the resonant

phonon emitting occurs when the difference �Ũ� of two lev-
els is equal to the phonon frequency �q, giving rise to a huge
peak in heat generation.

Finally, in Fig. 4 we present the contour plot of the heat
generation Q and current I versus the QD level �̃d and pho-
non frequency �q. As �q approaches to zero, Q also ap-
proaches to zero regardless of the other parameters; however,
I can be large if the resonant tunneling occurs. At small but

nonzero �q, e.g., �q
̃, the heat generation Q is approxi-
mately proportional to the current I. In this case the quantum
result of the heat generation resembles the classical one. On

the other hand, at large �q �e.g., �q�̃�, the contour of the
heat generation is totally different from the contour of the

current. For example, for �q= Ũ, a great heat generation ap-
pears, but we cannot find any large change in the current
plot.

In summary, we investigated the heat generation in a QD
under a bias and in the Coulomb blockade regime. The re-
sults show that for the small phonon frequency, the heat gen-
eration is proportional to the current. On the other hand, for
the large phonon frequency, the heat generation is quite dif-
ferent from the current and exhibits many unique and inter-
esting characteristics. For instance, a negative differential
heat generation emerges in some parameter regions even
though the differential conductance is always positive. In
particular, the heat generation is large in the Coulomb block-
ade region, while it is small in the resonant tunneling region.
The later behavior is advantageous for the QD device be-
cause the QD device normally works in the resonant tunnel-
ing region and low heat generation is ideal for device opera-
tion.
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